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1. introduction 
In 1913 Emmy Noether published an article “Rationale Funktionenkorper” [22], 
in which she summarized what was then known about rational function fields and 
raised a number of questions which she partially answered uring the next several 
years (23,241. Much progress has been made since then, particularly in the last 
fifteen years, although many questions remain open. I would like to update her 
article by reporting on what is known about the following question: When is a 
subfield of a rational function field also a rational function field? 
Most of my survey will be devoted to the special case where the subfield is the 
fixed field of a finite group G acting on a rational function field. Swan [35] has 
written a survey and update of Noether’s work of this period as it appiies to Galois 
theory, and the introduction of Lenstra’s paper [16] gives a history of “Emmy 
Noether’s Problem”, which is the question of the rationality of the fixed field when 
G acts on a rational function field by permuting a basis. 
For the sake of simplicity, we assume that all fields are finitely generated as fields 
over some base field k of characteristic zero. In fact, most of the results quoted are 
independent of the characteristic and others remain valid in modified form in 
characteristic p > 0. 
We begin by reviewing some definitions and notation. As usual, k[xl, . . . , x,] 
denotes the polynomial ring over k in variables x1, . . . , x, and k(x, , . . . , x,) denotes 
its qucttient field. 
efinition. A field K is a rational function fieid over k (K is purely transcendental 
over k) if K- k(x,, . . . . x,), where x, ,..., x, are independent indeterminates over k. 
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Rational function fields 
A field K is unirational over k if there is a field L such that L is 
k and krKrL. 
A field K is stably rational over k if K(x, , . . . , x,.) is rational ov 
If K is stably rational over k, then clearly it is unirational 
uniratio.lal over k, the field L in the definition can be chosen so that [t : 
(The usut;: definition of ‘unirational’ includes the assumption that [ 
Although the notion of stable rationality has proved useful, it is 
if non-rational stably rational fields exists. 
Problem 1 (Zariski’s problem). If K is stably rational over k, is K rati 
Per haps this problem should include the assumption 
However, even with no assumptions on k I know of 
2. Theorems and counterexamgles from algebraic geometry 
It is not true that every subfield of a rational function field is rati 
fields of low transcendence degree there are some positive resul 
degree 1 there is Liiroth’s theorem which appears in many a 
Theorem 2 (Liiroth [17], [13, p. 5151). If k< Klk(x), then K= ~~~~ 
rational function y = f(x)/g(x). 
If we go on to transcendence degree 2 the situation is more corn 
on the field k. 
Tlheorem 3 (Castelnuovo (3); Zairiski (381). If k is 
k :d KS k(x, y), then K is a rational” function field met k. 
If k is not algebraically closed, then Theorem 3 is no 1 
the field of real numbers. In the language of algebr 
as the field of rational functions on an irreducible algebra 
two surfaces are said to be birationally isomorphic i
tions are isomorphic (30, p. 271. The monograph of 
tion of cubic surfaces over IR and the monograph of 
classification of cubic surfaces over an arbitrary field 
unirational surfaces which are not birationally iso 
concrete ex;lmple of a unirational -field of transcendence 
not rational is the quotient field of 
mix, y, 21 /(x2 + y2 - z(z - 1 )(a - 2)). 
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I thank M. Rosenlicht for providing this example. 
For transcendence degree 23, unirational fields which are not rational exist even 
if the underlying field k is algebraically closed. Examples were known to the Italian 
eometers early in this century (e.g. Enriques [8]) but were not shown to be counier- 
examples until the 1970’s, by Clemens and Griffiths [S] and Iskovskih and Manin 
[ 121. The simplest example is the quotient field of 
ix, y, 2, W] /($ + y3 + z3 + w3 + 1). 
roups and Hilbert’s irreducibility theorem 
From now on we will be concerned only with subfields of &xl, . . . , x,,) which are 
fixed fields of finite groups, Probably the initial motivation for trying to find 
rational function fields of this kind was the following consequence of Hilbert’s 
Irreducibility Theorem (Hilbert [l 1, p. 279], [ 15, p. 1411). 
Theorem 4 (Hilbert [l 1, p. 2801, [24, p. 2221, [15, p. 1421). Suppose that a finite 
group G acts on a fie,ld K in strch a way that KG is a rationa/ function fieId over 
the field of rational numbers. Xhen there exists a normal extension L of Q such 
thit G is the Galois group of L over Q. 
Note that there is no hypothesis on the field K - it need not be a rational function 
field over Q. Unfortunately, the criterion of Theorem 4 has not been very useful 
in establishing the realizibility of Galois groups over the rationals. 
In the sequel we will further restrict our attention to three bpecial types of group 
actions on k(x,, . . . , x,,): Linear actions, permutation actions, and lattice actions. 
They are all induced by actions of G on simpler algebraic objects: Vector spaces (for 
linear actions); sets (for permutation actions); and free abelian groups (for lattice 
actions). 
4. Linear actions and invariant theory 
Definition. Suppose G acts as a group of linear transformations on a k-vector space 
t/ with basis x1, . . ..x.. This induces an action of G on the polynomial ring (or 
symmetric 
and hence 
tion of G 
algebra) 
W, , . . ..x.] =k[V] 
on its field of fractio,as &xl, . . . , x,,). Such an action is called a linear ac- 
OXI k(x,, . . . ,x,,). 
For linear actions, the question of the rationality of the fixed field was already 
raised by Burnside 12, p. 3601, but far more attention has been given to the homo- 
geneous action of G on the polynomi.;ll ring k[s,, . . . , x,,]. (FCW CK 
survey of Stanley [33).) This G’S classical invariant t t-wry, the 
i’nvariants k,{x,, . . . ,x,,]“. It is natural to ask when the rin 
polynomial I ing over k, and the answer is given by ;i 
Shephard-Todd and Chevalley. 
Definition. Let g be an automorphism of finite order of a ve 
is called a pseudo-reflection if the space of fixed points 
codimension one in V. (A pseudo-reflection of order 2 is call 
geometrically, reflection through the hyperplane of fixed points. 
Theorem 5 (Shephard-Todd (311, Chevalley [4], 133, Theorem 4. t 
jini?e subgroup of GL( V), where V = span{ x, , . . . , x,, ) is u fir&- 
space over k. Then k[x! , . . . , x,,]’ is polynomial ring if and CW& P 
pseudo-reflections. 
it is easy to see that k(x I, =“. , x,)” is the quotient field of kjx 
r&Y,  . . . , x,)~ is a rational function field whenever Theorem 5 
hand, it is quite easy for k(xl, . . . , x,)’ to be a rational function fi 
Hx, , . . . , x,JG is not a polynomial ring. The simplest example is 
order 3 acting on k(xl ,x2, x3) by permuting the variables 
finite abelian subgroups of GL( V) usually are not generated by 
but do give rise to rational fixed fields, at least when h has ensu 
Theorem 6 (Fischer [9]). Let G be a finite abelian su 
V=span{xl, . . . . x, ). Suppose that k contains a primitive t” 
e is the exponent of 6. Then k(x I , . . . , A-$ is a rutiorrad J 
In the presence of a primitive e-th root of unity V is th 
dimensional G-subspaces, and this leads easily to a proof of 
a primitive e-th root of unity, k(.q, . . . , ~,,9~ may no longer be r 
will see shortly, but the problem is much deeper. 
5. Permutation actions and Noether’s problem 
Problem 7 (Noether’s problem [22, p. 318)). Let G act as 
k(x 1, . . . , x,,) by permuting the variables. When is k(s, , . . . , A-,, 
field over k? 
There is one classical case with a positive answer, t 
metric group Sn permuting xl9 . . . 9 xrt. In this case St8 i 
2-cycles) and 
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where e,, is the n-th elementary symmetric function of x1, . . . , x,. But if we restrict 
alternating group A, (n z 3), then k[xl, . . . , x,JAn fs not a polynomia! ring, 
since A, is not generated by pseudo-reflections. At the field level, the question of 
rationality is apparently still open (cf. [ 13, p. 513]). 
roblem 8. is k(xl s . . . , ( x,)*” (n L 5) II rational function field over k? 
n is rational over k, and for all n 22 it is a quadratic ex- 
arbitrary finite groups not much progress has been made on Noether’s pro- 
blem, but for abelian groups the problem has been completely solved. The key 
breakthrough and the first counterexamples to Noether’s problems were found 
independently by Swan and Voskresenskii. 
Theorem 9 (Swan (341, Voskrehor.:kii [37]). Let G be a q&c group of prime order 
p acting on Q(x, , . . . , xp) by permuting the variables cyclically. Then for p = 47 (and 
many other primes), Q(x, , . . . 9 xpjG is not a rational function field over Q. 
The proof of this theorem uses Fischer’s result (Theorem 6) that 
W(xI, .*a 9 xp)= is rational over Q(w) (where co is a primitive p-root of unity) to 
associate an invariant to Q(xl y . . . , xP)=, and ultimately its nonrationality depends 
on the fact Ihat a certain ide,al in h[q] is not principal (where q is a primitive 
(p .- 1 )-st root of unity). Later, Lenstra [ 161 axiomatized this approach and gave 
necessary and sufficient conditions for k(x, , . . . , x,)= to be rational, where k is an 
arbitrary field and G is an abelian group which permutes x1, . . . , x, transitively. 
Lenstra’s paper also contains an extensive bibliography of earlier work on Noether’s 
problem. The homological techniques introduced by the above authors and others 
are the btiic tools for studying lattice actions, which we discuss in the next section. 
As an application to Galois theory, Noether showed that if k(x,, . . . , xJG is 
ratio& over k, where G acts by permuting the variables, then the Galois extensions 
of k with Galois group G can be parametrized [24, p. 2261. Her result was refined 
by Kuyk [ 141 and the idea of parametrizing Galois extensions of k with Galois group 
G has been axiomatized by Saltman [27,28] who introduced a generic Gahis exten- 
sion over k, which is a Galois extension of commutative k-algebras having suitable 
specialization properties. This aspect of Noether’s work is discussed more fully by 
Swan [35, p. 1171. 
-lattice is a G-module which is a finitely generated free abelian 
s will be written multiplicatively.) 
Rational function fields 
If M=gp(x*, ..ss X& is a G-lattice (with x1, . . . , x, a 
on the Laurent polynomial ring (or group ring) 
k[x,f’, .. . ,xi’] =k[M] 
and hence on its field of fractions 
Such an action is called a lattice action. 
The work of Masuda 119,201, Endo-Miyata [6,7], Swan [ 
[36,37] and Lenstra [16] shows how results on G-lattices 
rationality of fixed fields of lattice actions. It turns out th 
in which the permutation modules play the role of free modul 
underlies the applications to rationality questions. 
Definition. A G-lattice is a permutation module if it has a 
muted by G. 
A G-lattice A4 is permutation-projective if there is a G-lattice 
is a permutation module. 
The following results show the relevance of permutation m 
of fixed fields. 
Theorem 10 (see (16, pp. 303-3041). Let G be a finite group 
on a field k. 
(1) (Masuda [la]). If P is a permutation module over G, then 
over kG. 
(2) If P is a permutation-projective G-lattice and 
is an exact sequence of G-lattices, then the fields k( 
morphic over kG. 
(3) If P is a permutation module over G and 
1 -+nlfz+N+P+ 1 
is an exact sequence of G-lattices, then k(N)G is rational 
(4) (Endo-Micyata (61, Voskresenskii [36]). If A4 is a G-lattt 
stably Fational ‘over kG if and only if there exists an e.xact 
in which P and Q are permutation modules. 
The above results are very useful, but do not s 
Noether’s problem G acts on k(.q , . . . g s,,) 
pointwise, while the hypothesis of Theore 
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7. Centers of generic dhision rings 
We now give some examples of division rings whose centers are the fixed fields 
of lattice ac:tions. Their rationality is undecided except in a handful of cases. 
Let Dn denote the generic division ring generated by two n x n generic matrices 
over k. {For a definition of Q and some of its properties, see [ 10, Section 61, [25, 
p. 61 ff.] or [26, p. 175 ff.].) The following description of the center of Dn is a 
ht modification of Theorem 35 in [ 101. 
Let M-gp(xr, . ..) x,) be the standard permutation module for Z& the symmetric 
rortp on n letters, and let Z = gp(f ) be a trivial &-lattice. There is an exact 
sequence of $-lattices 
l-+kery,-,M@M~M-%Z-+l, 
z 
where $ alcts diagonally on II/; az M and p and E are defined by 
(p(X&lXj) =x$-p, &(Xi) = t* 
Then the center of D,, is isomorphic to k(M@ker (p)“. 
It is known to be rational over k for nr4 (see [lo], Problem 36 and the remarks 
after it) but its rationality is undecided for n L 5. 
Problem 11. Is the center of the generic division ring D, rational (or stably 
rational) over k? 
The center of D, can be identified with the field of rational invariants of a pair 
of n x n matrices under simultaneous conjugation [ 10, Theorem 331. Whenever the 
center of Dn is rational over k, it may be possible to find a normal form (under 
simultaneous conjugation) for a finite set of n x n matrices over k, provided they 
are in sufficiently general position [al, p. 1651. 
Another kind of generic division ring was introduced by Snider [32]. Suppose that 
is an exact sequence of groups, where 
(1) A is finitely generated torsion-free abelian. 
(2) H is torsion-free. 
(3) CL: is finite, and the action of G on A by conjugation is faithful. 
Then 
(A) The group ring k(H) has a rHassica1 ring of quotients k(H) which is a division 
ring. 
) The field k(A) is a maximal subfield of k(H), and, k(H) is a crossed product 
over k(A) with group G. 
T!?e center of k(H) is k(A)“. 
peneric crosedpr~duct over k with group G (so-called because it has 
a suitable universal property), 
l-+R--+F-+G-+l, 
where F is a finitely generated 
Rational function fields 
start with a free presentation far G 
free group of rank 22. Factor out [R* Ml9 t 
mutator subgroup of R, to obtain an exact sequence 
l+R/[R,R]-+F/[R,R]-,G+l 
which satisfies (l)-(3) above. Then k(F/[R, R]) is a generic crossed pr 
group G and its center is k(R/[R, RI)? 
This construction clearly depends on the choice of the presentation 
make an inefficient but canonical choice by letting Fo be a free 
generator for each element of G and taking the obvious surjection 
its kernel RG, RG/[RG, RG] is isomorphic as a G-lattice to the first 
of the exact sequence 
Mere EC = gp(x, 1 g E G>, Z = gp(t ), G acts diagonally on 
are defined by 
cp(,u,ox~) =xgxp, &(X&f) = t. 
For this canonical presentation of G, the center of k(F, /[RG.* R(J) 
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